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Curvature-Based Wall Boundary Condition
for the Euler Equations on Unstructured Grids

Z. J. Wang¤ and Yuzhi Sun†

Michigan State University, East Lansing, Michigan 48824

A curvature-corrected symmetry techniquedeveloped by Dadoneand Grossman (Dadone,A., and Grossman, B.,
“Surface Boundary Conditions for Compressible Flows,” AIAA Journal, Vol. 32, No. 2, 1994, pp. 285–293) for
a structured grid Euler solver has been extended to unstructured grids and to arbitrary curved boundaries.
The local curvature is estimated numerically with a robust procedure and is used successfully in the boundary
treatment. Numerical results for two-dimensional inviscid � ows around circular and elliptic cylinders and the
NACA0012 airfoil with the new boundaryconditionshowed dramatic improvementsover those with a conventional
noncurvature-corrected approach. In all cases, spurious entropy productions with the new boundary treatment
are signi� cantly reduced, sometimes by several orders of magnitude.

Nomenclature
E = total energy
F = vector of inviscid � ux
F f = vector of numerical inviscid � ux through face f
Ix x , Ixy , Iyy = reconstructioncoef� cients
M = matrix of reconstructioncoef� cients
N = number of faces of a control volume
n = unit face normal, .nx ; n y/
p = pressure
Q = vector of conserved variables
NQ = vector of cell-averagedconserved variables

q = any of the primitive variables (density,
pressure, and velocity components)

R = local radius of curvature
r = position vector
S f = face area of face f
u = velocity component in x direction
Vi = volume of control volume i
v = velocity component in y direction
vn = normal velocity to a face
° = ratio of speci� c heats
1n = distance between the ghost cell centroid

and the interior cell centroid
½ = density

Subscripts

c = quantity at the cell centroid
g = value at the ghost cell
i = value at the cell i
L = value at the left side of a face
R = value at the right side of a face
w = value at a wall

I. Introduction

P ROPER boundary treatment is critical in computational � uid
dynamics (CFD). Its importance is obvious because it is the

boundary conditions that determine the � ow characteristics once
the governingequationsare given, at least for steady� ow problems.
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Since the earlydays in CFD development,boundaryconditionshave
been investigated intensively by many researchers.1¡7 For external
aerodynamicproblems, two types of boundaryconditionsplay very
important roles. One type is the nonre� ective boundary condition
and is used at the truncated far-� eld boundary. The other type is
the nonpenetratingboundary condition, which is used at solid wall
boundaries.Both boundaryconditionshave receivedmuch attention
in the literature over the years. In many of the different treatments
of boundary conditions, the characteristic analysis has been used
to guide the developmentof physical and numerical boundary con-
ditions. For example, the wall boundary condition developed by
Chakravarthy6 was implementedusing both characteristicvariables
and physical variables. Another treatment of solid wall boundary
conditions7 used Taylor expansions and accuracy analysis. Most of
the investigationson boundaryconditionshave focusedon the � nite
difference method for structured grids.

More recently, the � nitevolumemethodhas gainedpopularitybe-
causeof its propertyof conservationand its easy extensibilityto un-
structuredgrids.Furthermore, the solidwall boundaryconditionin a
� nite volume framework is signi� cantly simpler than that in a � nite
difference framework. This is because on a solid wall, which is part
of a control volume, the mass � ux and energy � ux vanish. The only
nonzero term is the pressure contribution to the momentum � uxes.
Even the simplest treatmentof a zeroth-orderpressureextrapolation
from the centroid of a wall-touching cell to a solid wall boundary
givesacceptableresults.However, sucha treatmentcanseriouslyde-
grade solution accuracy and generate signi� cant spurious entropy,
as demonstrated by Dadone and Grossman.8 They, therefore, de-
veloped a new boundary condition called the curvature-corrected
symmetry technique (CCST) for solid walls with a nonzero cur-
vature. In CCST, the pressure at a ghost cell is determined based
on the local momentum equation, taking into account the curva-
ture effects. Then the density and tangential velocity are computed
using the condition of constant entropy and total enthalpy. Numer-
ical results for � ow around a circular cylinder with CCST showed
dramatic improvements over those with the zeroth- and � rst-order
pressure extrapolationtechniquesor a noncurvaturecorrected sym-
metry technique. CCST has since been successfully extended to
three dimensions9 and to noncircular geometries.10 More recently,
CCST has been implemented for Cartesian grids for rapid aerody-
namic designs using the Euler equations.11

In the current paper, CCST is further extended to unstructured
grids for arbitrary curved geometries with a numerically estimated
local radius of curvature. The past one and one-half decades have
seen a surge of activities in the area of CFD solutionmethodologies
based on unstructured grids.12¡20 Unstructured grids provide con-
siderable� exibilityin tacklingcomplexgeometriesand for adapting
thecomputationalgridsaccordingto � ow features.Typesof unstruc-
tured grids include classical triangular or tetrahedral grids, quadri-
lateral or hexahedral grids, prismatic grids, or mixed grids. Based
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on experiences gained in the past decade, many CFD researchers
have come to the conclusion that mixed grids (or hybrid grids)16 are
the way to go. In the pursuit of the ultimate � ow solver, we have
developed a � nite volume � ow solver that is capable of handling
arbitrary grids,19;20 including hybrid adaptive Cartesian/prism and
viscous Cartesian grids. The CCST boundary condition is imple-
mented in this � ow solver and tested for general curved geometries.

The paper is, therefore, arranged in the following manner. In
the next section, the � nite volume � ow solver supporting arbitrary
unstructured grids is brie� y described. Then CCST is extended to
arbitrary unstructured grids. To handle general curved boundaries,
a technique to estimate the local curvature numerically is devel-
oped. After that, the general CCST treatment is tested for several
geometries, including a circular and an elliptic cylinder and the
NACA0012 airfoil. Finally, several concluding remarks based on
the current study are included.

II. Finite Volume Solver on Arbitrary Grids
The Euler equationsgoverning inviscid � ow can be written in the

following integral form:
Z

V

@Q
@t

dV C
Z

S

F dS D 0 (1)

where Q and F are given by

Q D f½; ½u; ½v; E gT

F D f½vn ; ½uvn C pnx ; ½vvn C pny ; .p C E/vngT (2)

The total energy is computed from

E D p=.° ¡ 1/ C 1
2 ½.u2 C v2/ (3)

with ° D 1:4 for air. The integrationof Eq. (1) in an arbitrarycontrol
volume Vi with N faces gives

d NQi

dt
Vi C

NX

f D 1

F f S f D 0 (4)

The overbar in NQi will be droppedfromhereon, andQi is interpreted
to represent the vector of conservedvariables at the cell centroid of
Vi without loss of (second-order) accuracy. The focus of the nu-
merical approach is then the computationof the numerical � ux F f ,
which is computed with a Godunov-type21 approach.There are two
key components in a Godunov scheme.21 One is data reconstruc-
tion, and the other is the Riemann solver. The original Godunov
scheme21 employed a piecewise constant data reconstruction, and
the resultant scheme was only � rst-order accurate. Van Leer ex-
tended the � rst-order Godunov scheme to second-order22 by using
a piecewise linear data reconstruction.The second-order Godunov
scheme is adopted in the � ow solver. The two major ingredients of
the � ow solver, data reconstructionand Riemann solver, are brie� y
described in the following subsections.

A. Reconstruction
In a cell-centered� nite volumemethod, � ow variablesare known

in a cell-averagesense. No indication is given as to the distribution
of the solution over the control volume. To evaluate the inviscid
� ux through a face using the Godunov21 approach, � ow variables
are required at both sides of the face. This task is ful� lled through
data reconstruction. In this paper, a least-squaresreconstructional-
gorithm capable of preservinga linear function on arbitrary grids is
employed. This linear reconstruction also makes the � nite volume
method second-orderaccurate in space.The reconstructionproblem
reads as follows: Given cell-averaged primitive variables (denoted
by q) for all of the cells of the computational grid, build a linear
distributionfor each cell, for example, c, using data at the cell itself
and its neighboring cells sharing a face with c. We use that the
cell-averagedsolutions can be taken to be the point solutions at the

cell centroidswithout sacri� cing the second-orderaccuracy. There-
fore, we seek to reconstruct the gradient (qx , qy / for cell c, which
produces the following linear distribution:

q.x; y/ D qc C qx .x ¡ xc/ C qy .y ¡ yc/ (5)

where (xc , yc) are the cell-centroid coordinates. The following ex-
pressions can be easily derived from a least-squares approach:

µ
qx

qy

¶
D M

2

666664

NX

f D 1

.q f;c ¡ qc/.x f;c ¡ xc/

NX

f D 1

.q f;c ¡ qc/.y f;c ¡ yc/

3

777775
(6)

where q f;c is the primitivevariableat a neighboringcell sharing face
f with cell c, x f;c and y f;c are the coordinates of the cell centroid,
and

M D 1
1

µ
Iyy ¡Ix y

¡Ix y Ix x

¶

with

Ixx D
NX

f D 1

.x f;c ¡ xc/
2; Ix y D

NX

f D 1

.x f;c ¡ xc/.y f;c ¡ yc/

Iyy D
NX

f D 1

.y f;c ¡ yc/
2; 1 D Ix x Iyy ¡ I 2

x y (7)

Note that matrix M is symmetric and dependent only on the com-
putational grid. If one stores three elements of M for each cell, the
reconstruction can be performed ef� ciently through a loop over all
faces.

B. Riemann Solver
In the original Godunov21 method, an exact Riemann solver is

used to solve the Euler equationswith the following initial condition
at t D 0:

Q D
»

QL if x < 0

QR otherwise (8)

The numerical � ux is then taken to be the exact � ux at x D 0 when
t > 0. When the Godunov method is generalized to multiple di-
mensions, a one-dimensional Riemann solver in the face normal
direction is used. Therefore, the � ux at a face with normal n can be
expressed as

F f D FRiem.QL; QR ; n/ (9)

Although the exact Riemann solver is very effective, it is expensive
to compute because an iterative Newton solver is necessary to solve
the nonlinear equations. As a result, other, more ef� cient approx-
imate Riemann solvers have been developed to compute the � ux.
One popular one is Roe’s approximate Riemann solver,23 which is
used in the present study.

For time integration, an ef� cient block lower–upper symmet-
ric Gauss–Seidel (LU-SGS) implicit scheme24 is used on arbitrary
grids. This block LU-SGS scheme takes much less memory than a
fully (linearized)implicit scheme,albeit havingessentially the same
or better convergence rate than a fully implicit scheme because of
its nonlinear nature.

III. Curvature-Based Wall Boundary Condition
for Unstructured Grids

The CCST developedby Dadone and Grossman8 is now extended
for treating the wall boundary condition for an unstructured-grid
� nite volume � ow solver.Considera wall boundaryshown in Fig. 1.
The unit normal n of the boundary points out of the computational
domain.Cell i is the interiorcell,andcell g is theghostcellemployed
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Fig. 1 Schematic of wall
boundary condition.

to handle the boundary condition. The ghost cell is produced as
the mirror image of the interior cell with respect to the boundary
face. In the following subsections,both the conventionalsymmetry
technique (ST) and CCST are described.

A. ST
In a noncurvature-corrected boundary treatment, the boundary

face is considered � at, and the � ow variables at the ghost cell are
just mirror images of those at the interior cell. Let the pressure,
density, and velocity vector in the interior cell i be pi , ½i , and vi .
Then the � ow variables at the ghost cell g are computed with

pg D pi ; ½g D ½i ; vg D vi ¡ 2.vi ¢ n/n (10)

Then the least-squares linear reconstruction approach is used to
reconstruct the gradients of the primitive variables for cell i . After
that, theprimitivevariablesat theboundaryfacecenterreconstructed
from cell ican be expressed as

pL D pi C .r f ¡ ri / ¢ r pi ; ½L D ½i C .r f ¡ ri / ¢ r½i

uL D ui C .r f ¡ ri / ¢ rui ; vL D vi C .r f ¡ ri / ¢ rvi (11)

where r f is the positionvectorof the face centerand ri is the position
vector of the cell centroid. The reconstructed normal component
of the velocity vector at the face center may not vanish, that is,
uL nx C vL n y 6D 0. To force the mass and energy � uxes to vanish
at the wall boundary, the primitive variables just to the right of the
boundaryface are computed,assumingthey are againmirror images
of the variables just to the left of the face, that is,

pR D pL ; ½R D ½L ; vR D vL ¡ 2.vL ¢ n/n (12)

Then, the � nal � ux vector at the face is computed from an approxi-
mate Riemann solver:

F f D FRiem.QL ; QR ; n/ (13)

Because of the use of linear reconstructions of primitive variables
at the interior cell, this boundary condition is compatible with the
interior numerical scheme and is second-order accurate, which has
been numerically veri� ed.

B. CCST
The basic idea of CCST is to use the local momentum equation

to specify the pressure at the ghost cell. Therefore, the following
equation is applied locally:

@p

@n
D ¡½jvj2

R
(14)

Applying this equation to the ghost cell, we then obtain

pg D pi ¡ 1n½w jvw j2
¯

R (15)

In our implementation,½w and jvw j are chosen to be the density and
tangential velocity at cell i , that is,

½w D ½i ; jvw j D jvi ¡ .vi ¢ n/nj (16)

Fig. 2 Estimation of local curvature.

The density at the ghost cell is computed assuming that the entropy
is the same as that in the interior cell, that is,

½g D ½i .pg=pi /
1=° (17)

The velocity vector at the ghost cell is still computed according to
Eq. (10). Again, Eqs. (11) and (12) are used to compute .QL ; QR/,
which are used in the approximateRiemann solver. If the computa-
tionalgrid is locallyorthogonalnear the boundary,the reconstructed
normal velocity component should be zero.

If the geometry is a circular cylinder, the radius of the local cur-
vature is simply the radius of the cylinder. For an arbitrary curved
boundary, other means must be developed to estimate the local cur-
vature.Considera curved boundaryshown in Fig. 2. To estimate the
curvature for boundary face a–b, � rst we use a–b and the point
to the left of the boundary face (point l) to make one estimate, and
then we use a–b and the right point r to perform another estimate.
Then we simply average the two estimates to obtain the � nal radius.
However, if either point a or b is a sharp corner (such as the trailing
edge of an airfoil), then we use the estimate from the three points,
avoiding the sharp corner. If both a and b are corner points, then the
radius is in� nity, that is, the curvature is zero. A point is considered
a sharpcorner if the two edges sharingthe point form an angle larger
than a threshold, such as 30 deg.

Given arbitrary three noncolinear points 1, 2, and 3, we can � nd
the radius by solving the following equations:

.x1 ¡ x0/
2 C .y1 ¡ y0/

2 D R2; .x2 ¡ x0/2 C .y2 ¡ y0/2 D R2

.x3 ¡ x0/2 C .y3 ¡ y0/
2 D R2 (18)

The solution can be expressed as

R D
©£

.x1 ¡ x2/2 C .y1 ¡ y2/
2
¤£

.x1 ¡ x3/
2 C .y1 ¡ y3/2

¤

£
£
.x3 ¡ x2/2 C .y3 ¡ y2/

2
¤ª 1

2

£ 1=f2[x3.y2 ¡ y1/ C x2.y1 ¡ y3/ C x1.y3 ¡ y2/]g (19)

In the actual implementation, the curvature is used instead of the
radius to prevent divisionby 0. Note that the actual pressure used in
the momentum � ux depends on the local mesh, which is used in the
linear reconstruction,as well as the approximate Riemann solver.

IV. Test Results
We have consideredthree representativetest cases to validateand

demonstrate the new curvature-based wall boundary condition. In
all three cases, dramatic improvementsover the noncurvature-based
boundary condition have been achieved.

A. Subsonic Flow over a Circular Cylinder
This case is the same as the one used to demonstrate CCST in

Ref. 8, and it is chosen here as a validation case of the present
implementation.The freestreamMach number is 0.38. The compu-
tations were performed with a grid of 128 £ 32 cells (128 cells in
the circumferentialdirectionof 360 deg and 32 cells in the radial di-
rection). The truncated far-� eld boundary is 20 radii away from the
cylinder. Both ST and CCST were employed in the computations.
The Mach number contours computed with both boundary condi-
tions are compared in Fig. 3, and the relative entropy error contours
are displayed in Fig. 4. In Figs. 3 and 4, the contours for the same
variables are plotted at the same levels. Note that the Mach con-
tours computed with CCST are much more symmetric than those
computed with the conventional ST, indicating there is much less
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a) ST

b) CCST

Fig. 3 Mach contours on the � ne quadrilateral mesh with 128 ££
32 cells.

a) ST

b) CCST

Fig. 4 Relative entropy error contours on the � ne quadrilateral mesh
with 128££ 32 cells.

spurious entropy production in the solution with CCST. This obser-
vation is visually veri� ed by Fig. 4. In fact, the maximum relative
entropyerror and drag coef� cient in the solutionwith ST are 0.0036
and 0.0080, whereas the entropy error and drag coef� cient are only
0.0010 and 0.0047 in the solution with CCST. The case serves to
verify the present implementation.

B. Inviscid Flow Around an Elliptic Cylinder
The second case is an inviscid � ow problem around an elliptic

cylinder, with a major radius of 1 (in the x direction) and a minor

Fig. 5 Coarse computational grids around an elliptic cylinder.

radiusof 2, as shown in Fig. 5, which also displaysthe coarsequadri-
lateral and triangular grids with 64 £ 16 and 64 £ 16 £ 2 cells. The
coarse mesh has 64 cells in the circumferential direction. The far-
� eld boundaryextends to 20 major radii away. The freestreamMach
numberwas chosen to be 0.26 so that the � ow can reacha maximum
Mach number close to 1. Three quadrilateral grids were employed
in a grid re� nement study.The medium and � ne gridshave128 £ 32
and 256 £ 64 cells, respectively.The simulations all started from a
uniform freestream, and the residuals were reduced by at least six
orders of magnitude.The computeddrag coef� cients and maximum
relative entropy errors with both boundary conditions on all three
grids are plotted in Fig. 6. As expected, CCST produced less drag
on the same grid than ST. What is remarkable in the comparison is
the maximum relative entropy error. The coarsest mesh with CCST
producedless entropyerror than the � nest mesh with ST. In fact, the
entropy errors on the medium and � ne mesh with CCST are more
than an order of magnitude smaller than those with ST. Figures 7, 8,
and 9 show the computed Mach, density, and relative entropy error
contours on the � nest mesh with both boundary conditions, respec-
tively. Even on the � nest mesh, two spurious separation bubbles
still exist on the downwind side of the ellipse with ST, as shown
in the entropy error contours in Fig. 9a. The spurious separation
bubbles are illustrated in the velocity vector plot on the medium
mesh shown in Fig. 10a. Note that CCST was capable of producing
an attached � ow, as shown in Fig. 10b. The same simulation was
also performedwith the � nest triangulargrid,which has 256 £ 64 £
2 cells. The computedMach number and entropyerror contours are
displayed in Figs. 11 and 12. By examining the Mach contours in
Figs. 7 and 11, we can tell that the solution quality on the triangular
grid is betterbecausethere are less wiggles in those contours.Again,
the maximum entropyerror with CCST is more than an order lower
than that with ST on this triangular grid.
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a)

b)

Fig. 6 Comparison of a) drag coef� cients and b) entropy errors.

a) ST

b) CCST

Fig. 7 Mach contours on the � ne quadrilateral mesh with 256 ££
64 cells.

a) ST

b) CCST

Fig. 8 Density contours on the � ne quadrilateral mesh with 256 ££
64 cells.

a) ST

b) CCST

Fig. 9 Entropy error contours on the � ne quadrilateral mesh with
256 ££ 64 cells.
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a) ST

b) CCST

Fig. 10 Velocity vector plots on the medium quadrilateral mesh with
128 ££ 32 cells.

a) ST

b) CCST

Fig. 11 Mach contours on the � ne triangular mesh with 256 ££ 64 ££
2 cells.

a) ST

b) CCST

Fig. 12 Entropy error contours on the � ne triangular mesh with
256 ££ 64 ££ 2 cells.

Fig. 13 Adaptive Cartesian/adaptive quad mesh for the NACA0012
airfoil.

a) ST

b) CCST

Fig. 14 Mach contours on the adaptive Cartesian/quad mesh.
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a) ST

b) CCST

Fig. 15 Entropy error contours on the adaptive Cartesian/quad mesh.

C. Subsonic Flow Around a NACA0012 Airfoil
Finally, to demonstrate the new boundary condition for a general

curved geometry, subsonic � ow around the NACA0012 airfoil is
simulated with a freestream Mach number of 0.5 and an angle of
attack of 3 deg. Near the sharp trailing edge, the curvature is esti-
mated, avoiding the sharp corner. An adaptive Cartesian/adaptive
quad computationalmesh shown in Fig. 13 was used in this simula-
tion. The mesh has a total of 2184 cells, 4887 faces, and 2703 nodes.
The mesh was generated using a grid generation method presented
in Ref. 19. Cell cuttingwas used near the outer boundaryof the quad
grid to “merge” the Cartesian and quad grid into a single grid with
arbitrary polygons. The computed Mach number contours and the
entropy error contours with both boundaryconditions are displayed
in Figs. 14 and 15, respectively.Note that the computed Mach con-
tours with ST have sharp turns near the airfoil surface, indicating
the generationof an entropy layer near the surface,whereas the con-
tours with CCST are nearly straight near the surface. It is clear from
the entropy error contours that the new boundary condition pro-
duced much less spurious entropy than the conventional boundary
condition.

V. Conclusions
A curvature-basedboundary condition has been successfullyex-

tended to unstructured grids and to general curved geometries. A
robust numerical procedurehas also been developed to estimate the
local curvature for an arbitrary two-dimensional curve. Numerical
demonstrations with two-dimensional inviscid � ow around an el-
lipse and the NACA0012 airfoil showed dramatic improvements
over a conventional noncurvature-corrected approach. In all cases,
spurious entropy productions with the new boundary treatment are
signi� cantly reduced, by up to several orders of magnitude more
than with the noncurvature-basedboundary condition.
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